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IiAO&AirQ>*a G^BNEBAuzED Equatiokb of MonoK. 
JjAiSBjLSQs'a Canonical EquATioira. 

Let ^,j, ^„, ^„, ■ ■ ■, ^,, be the foroes acting on a onit of 

!"„, F^F^.F^F^, ....J'^be the force* acting OD a unit 
of maas m,, 



Let Spjj , 8p^, Spj^ ) - - * t ^1. be the virtnal velooitiee of m, , 
^n t ^tt < ^B I " ' ) ^la '^ ^ virtual velocities of m, , 

etc. etc. 

If ow assume that each mass m^ be displaced an infinitesimal du- 
tanoe I — ds^m the direction in which the mass m^ would have 
moved daring the next instant had it not been subjected to this 
arbitraiy displaoement, and let the distanoe in each case be pre. 
oisefy eqoal to the Stance which the body would have moved dur< 
ing the next instant had It not been subjected to displacement. 
Thm by the theorem in virtual velocities that 2^ FSp •^ St-' change 
in the living force, we shall have for the masses m^ ■ ■ ■ m^, 

kJ^m^Fj^Sp^^ — BT for m^, 

hJ^m^F^Sp^ «^ BT tor m», 
adding we get 
(a) iT-it,l't,'n,F,Sp,. 
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These equations involve Qte masBes because ^„ are ftHToes on 

Nov it is known that the change in the living force of a system 
is eqnal to the work done on the system and since work equals force 
X distance, we shall get for the change in the living force 

Equating these two values of RT, we get, 

(1) itjit-.-P^Sp.-"',^*'.}-'' 

which is Lagrange's Generalized ^Equation. 

If now we suppose the forces to be resolved along the three 
coordinate axes the above equation can be easily made to assume 
the form, 

where X, T, Z are tiie total components of the foroes along the 
coordinate ares. 

Let us assume a certain fnnctioii C (Potential Fnnotioa) which 
is independent of the time t, such that 

w_^ ^_r ^_z- 

then by substitution equation (2) becomes 

r(^&+...«c.)_5:(»5fa+...e.c.). 

Now the left hand member of this equation is the total varia- 
tion of U,otBU. 

Since T(Living Force) « \ mi^, &T>m rnvSv, but 
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and adding 

Ipse. 

now 
for 
Hence 

or 

(S) SU~j^{m»B8)-ST. 

Let as aappose T to be a f nnotion of the independent variables 
Si' ?i* ' ' '> ^^'< '^^^ ^ variation of T is 





sr.||8,. + .. 


■etc., 






.u4i^,^.. 


■ etc. 






8.-|s,.+ . 


■etc. 




These values substituted in (8) give i 


blie equation 




-)=|(~[|^. 


1+-- 


■ etc. 
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and smoe the ^'s are independeiit we can eqnate the like Tariations 
and obtain the following partial difEerential equations : — 

dq^ dt \ dq^ ) dq^ 

etc. etc. eto. 

which 1>ecome 

dU ±(^\_^ 
(4) Sq^''dt\d^-J dq, 

etc etc. eto. 

Since 

_d8 .^ds dq 8a Bv dg 

^ ^ di^ ^dq'di di *" %1^^' 
Bat ^mi^-=T, therefore 

dT dp dt 

oy, cq^ oq^ 

These equations are known ag Lagrange's Canonical Forms, and 
in deriving them we have aaaomed that all points of the systeni 
have been expressed in terms of t, and k independent variables 
9i " ' ?*- Since there are 8n coordinates altogetberin the system, 
(sBj y, 8,, ■ •-, x^ y„ z,) this assumes that there are (&n—k) equa- 
tions of condition. 

n. 

Canonical Fobhs of Hamilton. 
Let ns still regard T as expressed in terms of q, ■■-, q^, 
q[, ■•■, q'l^, and write 

dT dT 

A-a-. i'^-a^' ■■■' «*«■ 

T was originally a homogeneous function in regard to 



Digilizod by Google 



and Binoe dx, dy, dz, - - ■ are oonneoted with q[, q,, ■ ■ ■ by linear 
equations, T r^arded as a fuootion of q and q' is homogeneons 
and of the seoond degree in q[, q'^, ■ ■ -, It, therefore, satisfies 
Euler's equation, or 

- ?>i + ?ift + ■ ■ ■ 
Taking the variation of T 
and by direct variation 



«^'<,.«-E 


(.>-t^). 


«^,....-z(t^.t^.) 


Equating li^ miatiomi we get 


BT. 


s, - a. 



etc. 
where 

ri-r„.„-*(p-..,? ■■•), 

Now let ^B T — U, where ^ = constant independent of i 
then 

dH dTj, ^ dU 
[3jj dq^ Bq^ 
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and equations (4) give 





au ip, ST^ 




%, " dt 5j, 








dp, dS 




*"-%• 


Ag™ 






afl" dT, an 




dp, - Sp, Sp,- 



Now Uw sappoaed not to oontain q[,p^,ott,'\iiiiaoa dU/dp^^ 0, 
aad we have just shown in equations (4) tliat 



Iience by substitution 



5p," 



''dt* 



BH dq^ 
dp^^ dt ' 



We tlins have the systems of equations — 



(6) 



as 



dl ■ 



an 



'- + 



ap. 



These equations rednoe the system of k differential equations of 
the second order to 2h differential equations of the first order. If 
we call pi and q^ conjugate independent variables, Hamilton's 
reduction may be stated thus : " Hamilton's Canonical Forms 
arise from finding two series of variables in terms of which the 
coordinates x,y,z, can be expressed. The total differential of any 
one variable with regard to the time is equal nomerically to the 
partial derivative of a certain determinate fonotion, ff, with regard 
to the conjugate variable." 
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11 
m. 

Method of Jacobi and its Afflioatioit to Two Bodies. 

CaKONICAL CONBTANTfl. 

Let na suppose these 2Jt equations of Hamilton to be integrated, 
then we will get 2k conAtants of integration c, ■ ■ ■ c^, and let ub 
take the partial of ^with respect to c, , since ^will be a function 
of the c's, whence 

dH dH dq^^ dff ^ 

and by sabstitaling from (5) this becomes 

ae,~l^ A'*, +"7 ydl'dc^''"") 

-|;(ft|'+-)-w(A|' + -)- 

But ST— 'Lpi{dqi)/dl, henoe 

^c^ " (fcj dty^dc^ "*" J' 
Now H'— T— U, and snbstitnting, then, 

SjT-t-U) d^t^dq \ 

Integrating with respect to £, we get 

i.jr,...).-[,l;....]:. ■ 

ABsume 

s= r(T+n)dt, 

and multiply by (2c, , then 

a«_ [y,<i?, + --]S 

and 2«-[ftS{,+ --]S- 
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12 



Taking the Tanations of S directly we get 



ss= 


t!^'-- 


•-af.^»- 


and since the q's are independent 


(«) 




dS 


We bun 


..c. 


ok 



"S " 5( "*" -^ ay/ di ' 



dS dS 



...|?_-(r-£r)_-^. 

We here consider fas a function of the 2k constants q, ■ 
and j>, •■■Ptt bat independent of t. 
The equation (Jacobi's) 



m 



dS 






when int^;rat«d will give S oonttuning the k constants q^ ■■ ■ q^, 
and sinoe the partials of S with respect to these h constants are to 
he pat eqoal to k constants hy (6), we shall have introduced upon 
int^iating this last series of h partial differential equations of 
the first order, 2k constants altogether. 

To int^tate such a differential equation of the first order, we 
have need of Euler's Transformation, which is derived as follows : — 

Suppose Z ^^ (XjO^a^ • ■ • ) and we desire ta int^;rate 



f(x,x,. 



dz 
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18 
— aj,Se/5x^ = * — aJi^ii then 

bat from the eqaAtions in 2, we have * 

ind by snbstitation 

dy dy dz 

aod 

Theae Taloes snbBtitated in the original differential eqiUktioB, 
gives 

Onr new equation oonttdna the same number of variables as the 
original equation, but the variable a^ is replaced by ( — dyfdx^. 
If this latter is a oonstaot by the conditions of the problem we 
have thus removed a variable. 

It is easily shown that the equations of undistributed motion 
for two bodies are, 

d^ ^ 
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dC~~ t'' 
in which problem 



-i--i»[(i)V(i)v(iy] 

B- T- U-imi^-^ . 
Now Jaoobi's equation is 

and henoe H moBt be expressed in terms of the new variableB. Let 

?>-». J. -a 

by substitation 

|f+i[(s:)'+(j;)"+({;)"]-7-o 

or 

Now transform to polar coordinates by means of tbe equations 
x B r OOB (T ooe i> 
y^r ooe <r sin v 
s — r sin <r whence 

ds .r/dsy 1 fdsy i /ds\n *■. . 
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Now apply Euler'a tnmaformation by letting S' ^ S + atj then 
dSjSt s — d, [or IB a constant of int^iration] and substituting 

Solving we get 

ar-L'^ + -r-(-ar) -?(^) J.'co.^'-o, 

agtun, let 8"^ S" ~a^v, tbea 88'jdv=a^ and onr eqnatimi 
becomes 

wliioh can be written 

Fnt the left metnbeT = aj , then 

r" --\!)r)' 
tft 

^_^2« + — -^, end (^)-^(«?-^- 
Hence the complete integral gives 



.=/;^2 

Now^'-S'- 


ajytand 




eos<. 


^dff. 


.«-«,i/-a(4 








•^.- 


~oofl**r 
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^- = 0, ;5- = A, and 5- = /9„ 

da ' ooj * oa, * 

/•it rfcr 

/ A '*; i— C«r IT 

»/ \ ' oos'tr 



where r, ia tiie least root of the equation 

r ~r'" 
Let »• = r, , then — i=.(8,or — /9 — Time of Perihelion Fa8Si^;e, 

i? 
If »"j SB smallest root 1 »-j + r^ = 

^ then 

r, = Iargeat " J ^^^"^ 

and 

rj = o(l + e), rj + r, = 2o, 

»-, = o(l-e), r^r,-a*(l-e*), 

hence equating we get 

2o=. , 

.•. a= — g- , and OjEs A 1/0 l/l — c*. 

From the value of ^8, we see that ci^/eos* a = a| determines the 
1 value of 17 (i. e., 0- x> i) whence 
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a, = a,0[»(r= Jt:|/ffi/l — e'oosi, 
and wlieB 

Let j4 P C be a right Bpherieal A in wliioh / PA C— i , -dP = tj , 
and PC= 0*1 tbea 8mtr=iaintBiDi;,aDd ooavda- '^Binicoitidr], 
whtoli sabstitated gives 

X' cosvdv /•', 

l/cos*cr — ain'i ^^ 

If tltfr body is ttt perihelion, then >} » a> , and j6Fj ^ at , or 
Q^iair ~ii. Therefore oar biz constants of integration or 
canomcal constants have the valaes 



(8) 



IV. 

Variation op thb Canonical Constants 
AND Jaoobi'b Equation.. 
The eqaatioQB of motion for two bodies are of the form 

-jij = "a— , where t/ = - . 
df ox r 

When a third body is added to the system f7 is of the form 

v-^ + s, 

where S is the FerCnrbing Fnnotion. Thfr question, tiierefore, is 



„ = 


4" 




3- 


-' 


«1 = 


hy^^TZ 


-p«o.i, 


^■ = 


n, 


'^- 


tVivTZ 


"?, 


/8.- 


«■- 
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to find what ohange must be made in the oanonioal oonstants in 
order to rephice H by {^H — JR") in the equation jnat solred. 
From Hamilton's Forms, eqte. (5), we have 

dq,_Bff 
dt 5pj ' 

and if H^ H— R, beoomee 

rfy, _ B{H-R) dB_ dS 
dt ^, 5pj 5pj 

(9) likewise 

^> = _ ^= _ ^i^~^) _ _ ^ , ^ 
dt 5jj 5jj Sjj 5jj 

ConEddering ^^ and ;, as functions of the constants and t , we 
regard the constants as variables and find what variations must 
take place in them so that H may be replaced by (S'— R)y that 
is, p^ and j, must satisfy (9) . 

^-^' ^-/.(.■•■».,«--,8.,() 

ft - ^^.(a •■■ a,, ;3 ■■■«„() tlun 

dt" dt '''^\da dt ''' eg' dt ) 

*~ * '''^\Sa'dt'''Sff'dt) 
now equation (5) gives 

*i_— and '^' — 

dt dpj dt 3j, ' 

wbioh Bnbstitnted in (9) gives 

_dS -^(^ ^ , ^ ^\ 
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(10) 

an 



19 

Since we can find p and q erolusively in terms of the a's and 
i3'bj and also a and j3 in terms of the p'& and ^'s, we can apply 
Jacobi's Theorem whioh states that, 



whence 







(«) 


ajj aa^ 


,'" at-^; 




(i) 


aj,__ee, 
aa^ " apj 


dff ay, e« 


aft 
a« 


a/3 





da 

and making these sahstitutions in (10) 
dS ^/5/9 da 






If we express B in t«miB of the p'i and j's then by Calculus of 
Variation, we have 



»^-z(f^.fa,), 



and substituting from above the values of ditjdp and dJi/dq,ve 
get 

^^\(d0 da da dff\ (dff da da dff\. 1 

which can be written 

-r-v-ja^s ^a/S lit. (a« aa i<i^ 

Since a and /3 can be expressed in tenns of the p^B and y'a, let 
" -/i(«i--?..Pi--P.)- "'<«' 
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and by gnbatitntioii in S^, we hand 
If now H is expresBed in terms of the a'a and /3*b, then 



and equating like Tariations, we 


have 




(11) '' y- 






etc. 


eto. 





These are Jacobi's equations and they ^ve the total variation of 
the constants in terms of the partial of the Perturbing Function, 
when tbe latter has been expressed as a funotioB of the constants 
(a, ;9) and the time (t). 

V. 

DiPPEEENTIATIOH OF THE EqdATIOHS CoMTAININQ THE 

Canonical CoasxANra. 
Solving equations (8) we find 

" 2a' 

cos*= -', ,, 

a^ and let c = tt — nr. 



(12) 



.1+?^, then . = /9, + ;8,+ |(-2a)l, 



By difierentiation of the firat of tliese equations 



Diohzcdb,Goo<;le 



da If da %fdai ■, » ^ n,s 



da _dS 
dt~W 



(IS) 



iget 



da rsonafi 

Tt ~\lf \ dff' 

ke maimer we can j 

dt_aVT^r „ jdB hdB-l 

dt~ e Y 'S o'ayS.J' 
1 r .SB dR-\ 



.di 

"'di- 

da 

dt " 

* 
dt' 




SB SB kdS So SB 



Since e is the otUy eqmition in (12) containing ff , and £ being 
a function of the a's and ^8 , then 

dB SB d^ t dB 
aff~ St ' Sff^al' dt- 
Liltewise 

dB SB 5« dB Sir dB da 



aft ae a/3, "^ a^ 



■ an a/S," 



r-i. 



as aa afi as 
'■a/3, "^ a. + air + aa' 



Se a/9 "^ air a/3 ' 



a^r 
aft° 



dbjGoogJe 



In 8 similar way we get the foUxiwing as the portials of R with 
respect to a, o^, and ^ respectively; — 

dB %f dB a (l-e') gjg So SB 



SB 

da,- 

SB 

da,- 



If da'^ e e de ~ e'- 

1 dB 

iv^ l/l — e* sin » di 

1 i/nr? dB 1 



il/o e * t)/<i •l-e'sini «' 

Pnt n SI kfi^y and substitute these yslues in (13), then 

da 8 dB 
di^na'^- 

da 1 B^ 

* ™ TufVi — e*sint ^' 



(14) 



(^ n«*>/l — e* ^ 



[* i/l — e* sin i ^ 



"«<^l/l- 



^Lftr "*■ 5e J' 



de 


-2 


dB 


•"2 




afi 










dt ~ 


no 


da 


no-l/l- 


«= 


a 
















+ 1 


/r 


:r7 


1 


no'e 


;;? 


dB 

dt 
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VL 
Transformation of Equations Expkesbing the Pebtuxba- 

TIONB AND THE YaIAJES OP THE Va&IATIONB. 

The perturbations can be ezpreased in another form by the fol- 
lowing snbstitntionB : — 

Let the perturbing force which m' exerts upon m at any instant 
be resolved into three rectangular components as follows : — 

(1) (m'/^ +tn)S' is the component along the radios vector of 
m, reckoned positive away from tbe sun. 

(2) {m'fl +m)«S" is the component perpendicular to the radius 
vector and in the plane of the orbit, positive in the direction of 
motion, 

(S) (^m' /I + m)W is the component perpendicular to the 
plane of the orbit, positive northward. 

Hence each of the variations of S along the ooiirdinate axes will 
be made np of three parts, and will be detormined by the equa- 
tiona, 

^^^ -^ = s' oots s' r + s' CM s' r +w" COB w r, 

m By 
^^^^ -^ r:= B' ooB S'Z + S'cobS'Z + W'cmW'Z. 

The values of the cosines can be obtuned from the flawing 
spherical triangles : — 

Let the plane of XT' be the ecliptic (the X axis passing through 
the vernal equinox) and T the point where it is cut by tbe plane of 
the orbit of m; 0R\ the radius vector of m, thcu the ^XTS' 
gives 

cos R'X^ cos 11 008 u 4- sin A sin » COS (180 — i), 

= COB fl cos u — sin fl sin u oos i. 
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Let jS" be drawn in the plitne of the orbit perpendicnlar to 
OR', then Z ^OT - 90 + «, and AXT^ gives 

oo8 5"X=co8nooB(90''+u)+9innsin(90''+«)oo8(180 — t), 

= — cos n sin u — sin il oos u cos i . 

Let W O be drawn perpendicular to the phtne of the orbit, 
then Z W"\:X~ (90 - »), and AXT W gives 

oosTT'X— ooBnoos90° + Binn8in90 oos (90 — t), 

— + sin n sin » . 

On snbstitntiog these cosines in our first eciiiation above, we 
have 

; — 5— =s5Too8 uoosH — ainusinilooiin 

+ i8"[— sinwoosil — co8«8inIloo8t] + TF''[Bin fl sin t]. 

Li like manner w« ean derive the equations 

1 -^mdB „,^ . „ . „ ... 

-—J — 5~ _ M fcos vsmll-t-suiuooelloosil 

+ j5"[— sinufiian + oo8uooBOooBi]+ IF' [—cos A sin «]. 
%nd 

;— --^ = A' [sin u sin i] + .^"[oosu^i] + TP''[oos»] . 

Bj means of the above expressions we can express the partials 
of the Perturbing Fnnctbn {R) contained in equations (14) in 
terms of the components R\ S', and W. As an example we 
shall find the valae <^ dR/da: 

Now 

t^^^t da" dxldrda]'^ dyldr da]'^ dt \_dr' da\\' 
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From the properties of an ellipse, r = a(l — 6 oos S), 

dr r . h , .- 

. • . ^^ =t-. alBO n — -i — mean duly 

da a^ <p *' 
hen 



9 [TT"e^ -E 



and 
(16) 



2 = f {[cosfl ooBu] — [sin 11 sinuoosi] j, 
y=:r{[ainncoBu] — [coefiBinucost]}, 
x = r{ [ainusin i]}, 



whence we express x, y, and z in terms of the constants a, Oj, a,, 
and |3, ^9^, 0,, and t; likewise, dxjdt, dyjdt, and dzfdt. By 
difierentiatiiig (16) we have 



-^ = [ooslicosu - 



lin u COS f ] = cos ff'X, 

-^= [mnnoosu + ooadsinuoost] ^oos^'i^, 

•=oosS'Z, 



dy 



^ ^ [sin u SID « J, 



and snbstitating in (15) 
5^ r VdR 



da 



=^[ 



^' 



sJJ'zl 



Now we substitute in this eqnations the valae of dR[dx,dRjdy 
and d S/dz derived in the be^nning of this article ; and it re- 
dnoee to 

SB T f m' ^,\ 
So "a \1 +*n J' 
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for the terms oontaining the sqaates of the oosines and ^ir prod- 
acts can be reduced by the fornmbe 

008* a + 008*|8 + oos*7 = 1, co8*a'+ oos*^'+ cob't'™ 1, 

cos<x COS a' -\- oos/3 c(Hy3'+ cos y cost's 0, 

where the cosinea are the direction cosines of two lines. 
To find dBjdi we have 

dB ras ^1 , r^ ^lj_r^ -^ 
at * [ cte ' 5* J "*" [ ay ' dij'^ldz ai ]' 

And from (16) we get 

-^ = r\sinu sinil sinij 

^ = r [ — sin u cos il sin i ] 



and knowing dU/dx, dSfdy, and dH/dz, dRjdi reduces to 

. dS m' _, . 
ct 1 + m 

The other partial differential coefficients can be found in 
similar manner. If these coefficients be introduced in equation 
(14), we obtain the fcJlowing variations of the elements : — ' 
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(IT) 



do 2m nO^ r ■ n. P r-rl 

ii( 1 + ra i/nr?L ,■ >• J 




[sinviS' 

+ (cos t) + 008 J) (S'] 
[rooBnIT'] 

[i-simitT'] 



dv «»' a*n 1^1 — e" ^ _„ 

(W 1 + m 1 ■■ 



r,--2»"T-ri;>--B'+ 






1 + m "^ 1 + i/TITp i( 
di 1 + m ^ 2 (Z( ^ 2 d( ' 



VII. 
Db. G. W. Hill's' Fihbt Modificatiok of Gaubb's Method. 

If tbe orbits do not intersect each of these differential coefficients 
may also be obt^ed in the form of ao infinite series arising from 
the expansion of the Perturbing Fnnction to terms of the first order 
with respect to the disturbing forces. Since the series oontuos 
only terms of the form ^1^ ( iM + i'M' ) in which X is a con- 
Htaat and t and i' positive int^ers, it follows that the secular 

1 On Oftun's Metibod ol CompatiiiK Seonlar Fntnrbatloiii, bj G. W. HUl, 
AstronomlOR] Papffi of American Ephemeris, toI. J, 
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portion of any difFer^itial coefficient will be that correBpoading to 
1 = and i' = . If we conBider, for example, the coefficient 
de/dt we will have 

5 - r r J s(i»"+ i'Jif ■) - z ss;(c + i' jf ■), 

and the part independent of Jf ' will be 

the port of this series independent of J/^ is hence 

and thb is the secular part of the perturbation. 

The computation of the secular part of the perturbationB is thus 
reduced to evaluating the double integrals, 



n: 



de 



etc., from the ^cpreeenoos found for them from equations (17) of the 
last artide. The int^ration with respect of M' can be effected 
rigorously in terms of elliptic intends of the first and second 
specnes, but that with regard to M can only be approximated to 
by mechanical qnadrature. This qaadratnie is more accurate if 
made with regard to E, and we hence transform to this viuiable 
by the usual formuhe. The variable M' is replaced by E' also 
for purposes of symmetry, when we shall have 

In which we have written for brevity 

\R. = i~ C'-Al-e- COB E')S'dE', 
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Gauas's method of effecttng the int^rationB (b) coDsistg in re- 
placing the variable ^ by a new variable 1' which is connected 
with E' and ten new auxiliaries by the following equations : — 
Wsin £" = ;S + ;9' sin y + /9" cos r, 
iVcos E'—a + a'ainT+ a" oob T, 
iV =- 7 + 7' sin 2* + 7" ooB r. 

The valoes a, /3 , 7 - - ■ are so taken that the coefficients of sin T 
and OOB T vanish in the expression 

^*(7 + 7' Bin 2'+ 7" COB Tf 
[in which A is the distance between the two bodies] , which hence 
takes the form 

This substitution thus finally reduces the integrals of (&) to the form 

/"■ a sin* jf + & cos' r 
^''' X (ff + (?")l[l-c'ain»r)*''^' 

in which a and 6 are independent of T but involve G, G', and 
G". This integral can readily be broken up into elliptic int«grals 
of the first and second kind of which the modulus 

, G" + g" 
" - G+G" 

In the memoir by Dr. Qt. W. Hill the steps of this reduction 
will be found given in detail and also very exact tables for effect- 
ing the computation. These quantities of the tables are the func- 
tions of the elliptic int^rals met witb in evaluating ( c ). They are 
tabulated to the argument &('* sin~'c),and are published to eight 
decimals, having been computed to ten. 

When the values of Hg, S^ and W^ have been found, a direct 
quadrature of (a) wUI be resorted to to effect the second integra- 
tion. It is probable that no accuracy is lost by our inability to 
exactly int^rate these expressions since, as is well known, the 
order of error committed cannot in any of the coefficients exceed a 
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power of the eccentricities and matual inolitiatioiis of tbe orbits 
one has, tban tbe number of parts into wbicb we divide the orbit of 
tbe distnrbed body. 

VIII. 

Computation. 
Tbe following is an application of Dr. Hill's method to the 
action of Jnpiter upon Mars, and the elements employed are from 
Dr. Hill's "New Theory of Jnpiter and Satom," pp. 192, 668. 



a- iS 



Mars. 
33° 17' 61".74 
1 61 2 .24 
64.69 
e - 0.09326803 
n - 689050".784 
log o - 0.1828971 
1 



log a' 



Jupiter. 
= 11° 64' 81".67 

- 1 18 42 .10 

- 98 66 19 .79 

- 0.04826611 

- 109266".626 

- 0.7162374 

1 
~ 1047.879 



[Epoch -1860.0 G.M.T.] 
From these elements the preliminary constants become 
/- 1°26' 6-.38 log *- 9.9999971 

n _ 149 47 4 .37 log K - 9.9998667 

n' _ 183 22 46 .48 log e - 8.7996614 

i'- 321 24 28.27 0-0.06303204 

^-821 24 9.62 
If tbe orbit of Mars be divided into twelve parts with regard by 
the eccentric anomaly, the values of the auxiliary functions cor- 
responding to tbe several points of division will be as given in the 
following tables. A rough test of these values is found by com- 
paring the sums of tbe functions corresponding respectively to the 
odd and even points of division of the orbit : these are given at the 
foot of the columns. Sums marked thus (*) indicate that tbe 
corresponding numbers have been added instead of their logarithms 
as given by the points of division. 
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A test of the pertarbations in the plane of the orbit is afEorded 
I^ the condition that, since 



["L 



sin ^iA\ + COB <f>B'^ = , 



thia rendnal is found to be + 0.000,000,000,003,2. 

The computation has not been duplicated, but varions checks (m 
the accuracy of the work have been employed as the computation 
progressed. 



s 


Logr 


, 


A 


logs 


. 





0.1403760 


0° o' o!<)o 


29.5201397 


0.916245? 


327° 6'4i:59 


30 


0.1463201 


32 47 24.62 


29.7306725 


0.9338723 


355 4 54.78 


60 


0.1621568 


64 44 46.6^ 


29.8340289 


0.9418633 


22 20 61.41 


90 


0.1828971 


9S 21 5.91 


29.8101781 


0.9397444 


49 30 45.26 


120 


0.2026919 


124 31 47.lt 


29.6691083 


0.9283109 


77 6 29.60 


150 


0.21663U 


152 34 23. 4( 


29.4449238 


0.9092471 


105 33 19.44 


180 


0.2216237 


180 0.0( 


29.1903006 


0.8856865 


136 21 49.56 


210 


0.2166314 


207 25 36.6( 


28.9697704 


0.8627415 


166 51 33.40 


240 


0.2026919 


236 28 12.8^ 


28.8461196 


0.8485525 


199 55 33.96 


270 


0.1828971 


264 38 S4.0£ 


28.8598713 


0.8498206 


233 38 36.66 


300 


0.1621668 


295 15 13. 3e 


29.0110391 


0.8666376 


266 36 28.90 


330 


0.1463201 


327 12 35.38 


29.2564191 


0.8917695 


297 46 46.76 


S 


1.0916971 


900 0.00 


176.0707360 


6.3871961 


1028 25 54.92 


S' 


1.0916972 


1080 0.00 


176.0707353 


5.3871956 


1208 25 66.29 



s 


LogC 


A 


, 


G 


a- 





0.1016699 


27.008366 


2.448742 


27.0064626 


2.4695932 


30 


8,6336913 


27.006191 


2.661360 


27.0061438 


2.6618714 


60 


9.8433695 


27.0076(56 


2.763335 


27.0066000 


2.773706T 


90 


0.4413039 


27.011682 


2.735464 


27.0074721 


2.7765140 


120 


0.6339603 


27.01441B 


2.69166S 


27.0078882 


2.6561506 


160 


0.8866433 


27.0132^ 


2.368635 


27.0074658 


2.4330414 


180 


0.2641663 


27.009344 


2.117924 


27. 006606? 


2.1622696 


210 


9.2384009 


27.006392 


1.900346 


27.0061375 


1.9039682 


240 


8.6616845 


27.006977 


1.776111 


27.0064375 


1.7842143 


270 


0.3111669 


27.01016? 


1.786675 


27.0071677 


1.8310716 


300 


0.6312996 


27.01267'B 


1.936435 


27.0075528 


2.0032709 


330 


0.4767380 


27.0116^ 


2.18072? 


27.0071925 


2.2348548 


5 


11.8660187* 


162.059344 


13.633201 


162.0416473 


13.84120^ 


S' 


11.8660198* 


162.059360 


13.633194 


162.0416794 


13.8413213 
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B 


G" 


« 


Lof« 


Lo«»' 


L.«« 





0.0189480 


17''s9'5a'64 


0.03166480 


0.31498607 


0.22326601 


30 


0.0004748 


18 17 56.54 


0.03402429 


0.31811121 


0.22675998 


60 


0.009308? 


18 4315.10 


0.03666127 


0.32026663 


0.22916456 


90 


0.0368400 


18 48 58.26 


0.03602469 


0.35074763 


0.22971607 


120 


0.0699626 


18 28 29.55 


0.03469764 


0.31899872 


0.22776521 


160 


0.0686164 


17 39 45.34 


0.03164635 


0.31497491 


0.22324250 


180 


0,0316073 


16 30 39.87 


0.02757623 


0.30960115 


0.21721374 


210 


0.0033673 


15 24 39.12 


0.02396320 


0.30482483 


0.21185327 


240 


0.0076643 


14 55 27.27 


0.02245002 


0.30282277 


0.20960681 


270 


0.0413999 


15 15 16.60 


0.02347167 


0.30117461 


0.21112339 


300 


0.0628166 


16 214.88 


0.02693814 


0.30760244 


0.21486859 


330 


0.0496602 


16 53 32.60 


0.02889110 


0.31133795 


0.21916250 


8 


0.1902075 


102 20 O.Sl 


0.17801800 


1.87416678 


1.32186292 


S' 


0.190S6T6 


102 20 8.46 


0.17802120 


1.87417104 


1.32186769 



s 


LggA- 


LogP 


Log<3 


I^gV 


■'i 





8.3476455 


5.799087IT 


7.139128J 


7.1387515 


27.0207829 


80 


8.3623663 


5.8176271 


7.1576461 


7.1576367 


27.0065656 


60 


8.3964325 


6.8624491 


7.192977^ 


7.192793S 


27.00999CS 


90 


8.436602T 


5.893197? 


7.23424^ 


7.233612T 


27.0290204 


120 


8.4742977 


5.9283888 


7.2695991 


7.2684105 


27.0492441 


160 


8.4991682 


5.9492923 


7.2899855 


7.2888225 


27.0626633 


180 


8.5057537 


5.951398? 


7.2909894 


7.2903609 


27.0334422 


210 


8.4928482 


5.9346398 


7.2731849 


7.2731178 


27.0094622 


240 


8.4633467 


5.9029905 


7.241363ff 


7.24121^ 


27.0106059 


270 


8.423946? 


5.8638326 


7.2029257 


7.2021011 


27.0363166 


300 


8.3844575 


5.8269715 


7.1668219 


7.1665727 


27.0521291 


330 


8.3660126 


5.8027965 


7.1428979 


7.1419112 


27.0423359 


S 


50.5709335 


35.2612869 


43.3008794 


43.2971015 


162.1761961 


S" 


60.5709335 


35.2612866 


43.300882T 


4S.297101T 


162.1763440 
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X 


•r. 


J, 


Lof^. 


logF. 


X. 


s 


-0.20899496 


+a 30968486 


0.7664249 


B.069389«» 


0.011623703 


30 


-ft 03630764 


-0.02674098 


9.9823906 


8.3442271n 


a01196442« 


60 


+0.15284448 


-0.36413193 


0.6372797n 


8.9312244 


ft0I292184B 


90 


+a313*8410 


-0.61207988 


ft03e2469n 


8.9S88266 


0.014186461 


120 


+0.40064234 


-0.70414632 


1.0326701n 


8.3276966« 


ft 016433306 


160 


+0.38640726 


-0.61666127 


1.00841B6n 


9.1fl96220n 


ft 016299428 


180 




-0.87034164 


0.8476726n 


9.2218360n 


a016604161 


210 


+ft08088126 


-0.03392182 


0.S347999n 


8.7668717n 


ft016978577 


240 


-0.12278036 


+a30346688 


0.4964372 


8.8714641 


ft014896494 


270 


-ft 28346026 


+ft6&lS9873 


ft8711779 


9.0346961 


a013698041 


300 


-ft36632066 


+0.64347029 


0.9812447 


8.2968260 


0.012429948 


330 


—0.32638729 


+0.66499846 


0.9S39640 


8.9732022^1 


ftOll 688629 


8 


+0.I33629B7 


-O.18200678 


-S.6048738" 


-0.I23046628* 


0.083709460 


S' 


+a 13362742 


-0.18200674 


— a6043746* 


-0.128046667* 


ft083709462 



B 


s. 


T. 


«. 


X, 


6 


+ft 00008004999 


+0.00041903914 


5.762985T 




30 


+0.00001088S07 


—0.00003989400 


48906808 


7.6306418 


60 


-0.00007068128 


-0.00066153696 


5.6865339» 


7.8866984 


90 


-0.00013862398 


—0.00104078831 


6.058627»n 


7.9689460 


120 


-0.00017072126 


-ft 00130819274 


6.0295969n 


7.9232977 


160 


-0.00016776366 


-ft 00121033849 


5.9813752n 


7.6946110 


180 


-0.00010616130 


-0.00073761030 


5.8043016n 




210 


-0.00003427662 


-0.00006864982 


6.3183638n 


7.68687e7n 


240 


+0.00003689362 


+0.00053477066 


6.3642593 


7.9079228n 


270 


+ft 00009184620 


+O.0O0886O6326 


6.7801635 


7.9604196n 


300 


+ft 0001 2131643 


+ft 00094343743 


6.9217628 


7.8698431 n 


330 


+ftoooii8e3ai3 


+ft0007635I967 


5.8278969 


7.6204098n 


S 


-0.00010919379 


-0.00071009176 


-0.000054778622* 


+ft 0005847741* 


S' 


— 0.00010919284 


—ft 00071008769 


— ft0000547748ai« 


+0.0006847090* 
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Lo, ir.,b.B. 


LocIP.OOKL 


0° 


+0.0001601000 


—0.0115237021 


6.6074024i> 


6.0323896 


ao 


+0.0064980866 


-0.0100466448 


6.4290192 


6.4698496it 


60 


+0.0116214731! 


-0.0066380423 


6.0040176 


6.7422467n 


80 


+0.0141366366 


+0,0010469980 


6.6666029n 


6.989651411 


120 


+0.0128965787 


+0.0084689862 


6.997256et. 


6.9288457™ 


160 


+0.0077844290 


+0.0143164744 


7.0724419» 


6.4191870n 


180 


+0.0002123026 


+0.0165041521 


6.85297481. 


6.2778619 


^0 


— O.0072998748 


+0.0142156824 


6.7054748» 


6.6648794 


240 


-0.0123115656 


+0.0083813594 


6.2643292 


6.7021774n 


270 


-0.0136423646 


+0.0010841018 


6.16722301) 


6.»414069n 


m> 


—0.0111295720 


—0.0055182011 


6.7841683« 


6. 8679918*. 


330 


-0.0061276126 


-0.0089498896 


6.86I2942» 


6.3702507» 


fi 


+0.0014493172 


+0.0106645521 


— 0.00a439a8406» 


—0.00233062987* 


y 


+0.0014482082 


+0.0106646123 


-0.00243923736* 


-0.00233061181* 



-4.034638413 
-0.031182363 
4.027166081 



[^]^=+ 165!71042o.' 


LOKOoetr. 
2.2193498 


r^J = + 13074167 m' 


4.1164137 


r^l =— 268.82441n.' 


2.4294687n 


[S]„=- 8712.3580 m' 


3.8401357n 


[5]^= + 13069.ail n.' 


4.1163627 


rfl =-19334.253 m' 


4.2863274n 
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If the above value of m' be empbyed, we get 



r^l _+ o!l681S891, 
[11- + "■""«''• 



0.25654148, 



-18.450846. 



The valaeB of Newcomb are stated on page 878 of his " Seonlar 
Vamtioiis of the Orbits of the Four Inner Planets." Those of 
lie Verrier are found in iite Annates de I'Observatoire de Paris, 
Tome n., page 101, and Tome VI., p^e 189. Tbe results of Le 
Verrier have been reduced to the above value of m', the three sets 
of values then oompare aa follows : 






+ 0.16810 +0.16818 + 0.16814, 



+ 1.16328 +1.16872 + 1.16828, 



0.26640 - 0.26666 



AS 



I 



m. 



18.46027 
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